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ABSTRACT: The local and non-local topological treatment of electronic distributions is applied to a 

simple out of equilibrium case of a three-atom cluster. The bending movement of evolution is 

described in detail through the onset and disappearance of critical points defining two kinds of 

molecular structures, each of them containing an equilibrium geometry and also describing a 

transition state (TS). A structural change is also found and analyzed through the behavior of 

population magnitudes from the paired and unpaired electron densities. All points in this rich evolution 

are featured and distinguished by the mentioned local and non-local magnitudes. Furthermore, the 

multi-center bonding interactions are discussed in this context to give a complete description of the 

changes undergone. Consideration of the electron correlation effects constitutes the basement of the 

results gathered, thus showing their main influence in breaking and making boron bonding 

interactions.  

 

Keywords: topological decomposition of the 3D space, electron correlation effects, one-particle 
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Introduction 

The physical and chemical information in a molecular system is wholly embedded in the 

electronic density.1,2 This knowledge can be obtained in different ways from the one-particle reduced 

density matrix3 obtained from the contraction mapping of the density matrix of the system state for 

the actual state function3 irrespective of the approximation used for its determination or in a direct 

manner from the Kohn-Sham Functional Theory of the Density (DFT).2 

The traditional analysis and classification of bonding interactions into covalent and ionic and 

their mixtures have been enriched from the onset of the topological theories of the density4,5,6,7 and 

the computational tools developed for that goal which permitted a more detailed description of the 

electronic distribution and thus a deep understanding of the interactions between atoms.8,9 

Consequently, several and different complex patterns of bonding may be detected and quantified.10 

For this purpose a proper definition of atom and its extension to a group of them, i.e., chemical 

functional groups and moieties, within the molecular structure is needed. The Quantum Theory of 
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Atoms in Molecules (QTAIM)4,5 provides the most rigorous formalization to deal with a given molecular 

configuration in the same footing whatever its ionic, covalent nature or even possessing complex 

multi-center patterns of interaction and thus to go beyond the description of the classical 

arrangements, all them at any level of approximation. 

Because of the lack of a rigorous definition of the concept of chemical bond beyond empirical 

frameworks11 and the general validity of our methodology of study which permits to include in the 

same footing all types chemical arrangements between atoms and thus unifying the wide variety of 

what is called chemical bond, we will refer to this as bonding interactions. 

Until now, we have been analyzed only equilibrium structures by means of the techniques we 

developed during the last years and which has been successfully applied to those kind of 

configurations. Therefore, the goal of the present study is two fold, on one side to use this 

methodology to understand the non-equilibrium configuration structures from the topological point of 

view, and on the other side to check the coherence of the theoretical capabilities of this general 

methodology. 

With this interest, we choose a simple but indicative system, the bending movement of the 

simple atomic B+
3 cluster. This kind of boron system had been theoretically predicted12 and studied 

due to the interest on the boron compounds for the knowledge development of chemical bonding 

nature and applications like the use of boron structures as novel inorganic ligands and building 

blocks.13,14 The richness of the case study selected resides that during the rearrangement of electron 

cloud the changes the electronic distribution undergo range from an equilibrium state passing through 

a transition state (TS) to reach other weak bounded minimum. At each point in the potential energy 

curve describing the bending of the B atoms, the gradient zero-flux surfaces of the electron density 

delimit the regions in 3D space, and so the atoms in a molecule become defined for both, the 

equilibrium and out-equilibrium conformations.4,5 In the path connecting the mentioned points, the 

system shows a structural change which is an abrupt phenomenon in which the structure of the 

molecule is modified.4 At this point, is worthy to remark that the geometry of a compound is only the 

specification of the nuclear positions in the real space, but nevertheless, a molecular structure is 
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defined by the electron density topology, characterized by the localization and character of the critical 

points cps, i.e., extreme points in the density field4,5,6,7 in real space. 

The non-local methodology applied in the present study, based on the physical domain 

topological decomposition of the 3D space permits to follow the changes in this domains called basins 

and their physical implications when a perturbation modifies the geometry of the system throughout 

the configurations in a process where the system could experiment different kind of changes. The 

magnitudes involved in this methodology to follow the changes are the electron populations 

characterizing the atomic charges and the flux of electrons between them. In this respect, the three-

center populations, i.e., 2 or 4-electrons shared by 3-centers (atoms), are of essential importance due 

to the fact that they permits to measure the onset or lack of such (2e-3c), (4e-3c) type complex 

patterns of bonding.15 This kind of interactions seem to be closely related to the structural changes 

undergone during the evolution. Nevertheless this topic is out of the scope of this article and will be 

treated elsewhere. 

All these features were detected along the path which defines the movement. The local 

counterpart of this methodology is applied to follow the appearance and disappearance of cps and 

their nature; many geometries can share the same set of cps and bond paths which define a structure. 

Thus, detecting the structural changes that emerges when there are modifications in the set of cps 

and bond paths.4,5 Hence, it opens the possible application of the elementary catastrophe theory16,17 

to characterize bond-breaking and bond-forming structural change processes.18,19 

Both topological magnitudes, i.e., local and non-local magnitudes, provide a complete quali- 

and quantitave description of the movement picture for the system. We will introduce them in the next 

section. The study of a system close to a structural change deserves attention. In any chemical 

reaction, one or several structural changes occur; in the process the making and breaking of one or 

several chemical bonds proceeds; in other words, one or several atomic interactions turns on or turns 

down, with the consequent changes in the structure or the electron density topology. Therefore our 

work generates knowledge to be useful to the understanding of chemical reactions in general. In a 

recent report20 other authors studied HCN/CNH isomerization focusing on the changes on the 

gradient vector field of the electron localization function (ELF)21 following an intrinsic reaction 
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coordinate. They gave a characterization of the evolution of the molecular electron distribution in 

terms of structural stability domains and bifurcations by the application of above mentioned Thom's 

elementary catastrophe theory. In the development of a rigorous definition of molecular structure 

Richard Bader begun with the application of that theory18 for the study the structural changes. He 

defined the molecular graph as a descriptor of the structure of a molecular system which within Atoms 

in Molecules analysis consists in the set of the bond paths linking the nuclei belonging to the system.19 

With these theoretical tools, the changes in bonding patterns along a reaction coordinate can be 

followed by the study of the evolution of a molecular graph.  

Our approach, based on the AIM partition of the real space, is enriched by an analysis that 

goes in two ways altogether, that is to say, doing a local as well a non-local analysis 10,22,23,24,25,26,27 

step by step. Moreover, our formalism quantifies directly the paired and effectively unpaired electrons. 

The selected system and the perturbation analyzed allows analyzing an example where a molecule 

undergoes a structural change, thus showing different out of equilibrium geometries preserving in the 

complete process only two types of structures. Our results imply the importance of highlighting the 

difference between molecular structure and molecular geometry,4,5 gathering new elements to 

characterize equilibrium and out of equilibrium processes. 

The article is organized as follow. The Second Section presents a brief introduction of 

treatment of the electronic magnitudes for both formalisms. The Third Section is devoted to the 

computational details of the calculations and the further discussion of the results. The final Section 

presents some remarks, the conclusions and some perspectives. 

 

Theoretical ideas 

Electron distribution analysis 

Our methodology is based on the description of the pure quantum state throughout the 

statistical information contained in the Reduced Density Matrices (RDM) derived from the density 

matrix of the system (DM) through contraction mapping,3 and the partitioning of the physical space 

(3D) in terms of the atomic domains within the topological Bader’s approach of a quantum atom in a 

molecule (QTAIM).4,5,28 
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The complete analysis of the molecular distribution is performed by two topological supported 

formalisms which complement each other. One of them, denominated nonlocal or integrated 

formalism deals with the behavior of the electronic distribution in terms of magnitudes depending on 

the number of particles of the system (population analysis).8 The other one, called local formalism, 

allows us to describe the behavior of the electron density analysis at each point of the real space.28 

Furthermore, both above introduced formalisms are applied to the decomposed density into paired 

and unpaired densities.10 The study of their structure, and the consideration of conform the topological 

population analysis allowed us to define useful quantities. 

The integrated significant magnitudes are the covalent bond order (two- center bond 

populations) and three center bond populations, thus meaning the number of electrons shared by two 

or three centers respectively, 29,30,31,32 

 

𝐼Ω𝐴Ω𝐵 = ∑ 𝐷𝑗
𝑖1 𝐷𝑙

𝑘1 𝑆𝑖𝑙(Ω𝐴)𝑆𝑘𝑗(Ω𝐵)i,j,k,l                                                                                             (1) 

and 

 

∆Ω𝐴Ω𝐵Ω𝐶

(3)
=

1

4
∑ 𝐼Ω𝐴Ω𝐵Ω𝐶𝑃(Ω𝐴Ω𝐵Ω𝐶) =

1

4
∑ ∑ 𝐷𝑗

𝑖1 𝐷𝑙
𝑘 𝐷𝑛

𝑚11 𝑆𝑖𝑛(Ω𝐴)𝑆𝑘𝑗(Ω𝐵)i,j,k,l,m,n𝑃(Ω𝐴Ω𝐵Ω𝐶) 𝑆𝑚𝑙(Ω𝐶)                               

(2) 

 

where Ω𝐴 is the Bader’s atomic domains in the physical space defining atom A;28,29,30,31,32 𝐷𝑗
𝑖1  the 

matrix elements of spin-free first-order reduced density matrix; and 𝑆𝑖𝑗(Ω𝐴) those of the overlap matrix 

over the physical domain A, expressed in the orthonormal molecular (or natural) basis set 

{𝑖, 𝑗, 𝑘, 𝑙,… . }.28,29,30,31,32 Note that the partitioning scheme is based upon the equality ∑ 𝑆𝑖𝑗(Ω𝐴)Ω𝐴
= 𝛿𝑖𝑗 

with 𝛿𝑖𝑗 the Kroeneker delta. 𝑃(Ω𝐴Ω𝐵Ω𝐶) indicates the summation is performed over all the 

permutations of the domain contributions. 

The important magnitudes are non-active number of electrons, thus meaning the electrons 

not involved in covalent interactions, this quantity is named non-shared population31,33 
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𝑄Ω𝐴 =  [𝐼Ω𝐴Ω𝐴 −  
1

2
 ∑ 𝐼Ω𝐴Ω𝐵Ω𝐵≠Ω𝐴 ] + 

1

2
  𝑢Ω𝐴                                         (3) 

 

where 𝑢Ω𝐴 counts the atomic unpaired electrons in basin A,34 with 𝑢Ω𝐴 = ∑ 𝑢𝑖𝑖Ω𝐴 (Ω𝐴 ) with 𝑢ij =

2 𝐷𝑗
𝑖1 − (( 𝐷)21 )𝑗

𝑖  standing for the u matrix or effectively unpaired density matrix describing the 

unpaired effects of the electron distribution due to the spin state of the system and the non-uniformity 

of the occupation numbers due to correlation effects29,31,34,35 and 𝑢Ω𝐴, the free valence of an atom A, 

related to atomic valence 𝑉Ω𝐴 by 

 

𝑉Ω𝐴 = 𝑢Ω𝐴 − ∑ 𝐼Ω𝐴Ω𝐵Ω𝐵≠Ω𝐴                                                         (4) 

 

The total number of electrons in the domain Ω𝐴, collects the non-active and active electrons 

as 

 

𝑁Ω𝐴 = 𝑄Ω𝐴 − ∑ 𝐼Ω𝐴Ω𝐵Ω𝐵≠Ω𝐴                                                                       (5) 

 

On the other hand, the local formulation is based on the one-particle reduced density matrix 

(1-RDM) structure,36,37 which in the coordinate representation reads 

 

𝐷(𝒙|𝒙´)1 = 𝐷
(𝑝)(𝒙|𝒙´)1 + 

1

2
 𝑢(𝒙|𝒙´)                                                                                           (6) 

 

where 𝐷
(𝑝)

=1  
1

2
 𝐷21  stands for the pairing contribution. The diagonal elements leads to the electron 

density decomposition into two terms, paired and effectively unpaired electron densities, repectively, 

which in coordinates representation is expressed as 8,9 
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𝜌(𝒓) =  𝜌(𝑝)(𝒓) +  𝜌(𝑢)(𝒓)                                                                                 (7) 

 

The contribution of 𝜌 over the whole physical space, throughout the trace operation, i.e., 

𝑡𝑟( 𝐷1 ) = ∫ 𝑑𝒓 𝐷(𝒓|𝒓´)1 = ∫ 𝑑𝒓  𝜌(𝒓) = 𝑁 (summation of the diagonal elements) results in the number 

of electrons in the system, N.3 These two density fields are the subject of the topological local 

analysis. 

The local tools to describe the very nature of the distribution are related to the localization of 

the density critical points cps (first spatial derivatives). The Laplacian function as the main indicator 

of the local accumulation/depletion in physical space particularly in the cps and the ellipticity as a the 

measure of the cylindrical symmetry breakdown along the cartesian axis in their surroundings, are 

the fundamental topological indicators containing the information which defines the nature of atomic 

interactions.4,5 The density cps evaluated by the gradient of the field fulfills the relations, 

 

∇𝜌(𝐫)|𝒓𝑐= 0,         ∇𝜌(𝑝)(𝐫)|𝒓𝑐 + ∇𝜌(𝑢)(𝐫)|𝒓𝑐 = 0                                                                   (8) 

 

∇2𝜌(𝐫)|𝒓𝑐 =  ∇2𝜌(𝑝)(𝐫)|𝒓𝑐 + ∇2𝜌(𝑢)(𝐫)|𝒓𝑐 ≠ 0                                                                   (9) 

 

Where 𝒓𝑐 = {𝒓𝑖
𝑐; 𝑖 = 1, …𝑀} is the set of critical points of 𝜌(𝒓). The physical meaning of the first of the 

previous relationships is that both gradients have opposite signs and then cannot increase or 

decrease at the same time along the Cartesian axis; while the second relationship indicates that both 

densities can accumulate or deplete in the same region in space at the same time. The cp’s classify 

by two numbers, r, the rank (number of non vanishing eigenvalues of the Hessian matrix of 𝜌(𝒓) and 

s, the signature (sum of the signs of its eigenvalues): (r; s). Thus, according to their possible values 

in 3D space, (3;-3)cp means a nuclear critical point (ncp) which localize a local maximum very close 

to the nuclear positions and stands for the expected concentration of electron population around to 

the physical nuclei; (3;-1)cp, called bond critical point (bcp); (3;+1) and (3;+3), are called ring (rcp) 

and cage (ccp), respectively, they stands for the onset of more complex molecular structure relating 

the electron structure with the geometrical conformation.4,5 
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Computational models of calculation and Discussion 

The evolution of the electron distribution for the bending movement of B3
+  system was carried 

out through the analysis of the electronic descriptors taking as a starting point the ring equilibrium 

structure (Figure 1b). The sequential process is driven by the variation of the angle θ between the 

atoms BAC where A and C represent the terminal boron atoms and B represents the central boron 

atom (see Figure 1b) from its equilibrium state up to 180 degrees. All calculations were performed by 

Gamess package version 2013 (R1).38 The state functions has been obtained at the truncated 

Configuration Interaction of single and double excitations (CISD) at the 6-311G** triple zeta polarized 

basis set level of calculation. The path along the potential hypersurface is defined by the variation of 

the angle θ between the boron atoms as a control parameter.  

Along the whole defined path, three extreme point has been found, two minimum at θ = 60 

and 180 degrees and a transition state, TS (maximum) between them at θ = 124.70 degrees; the 

minimum states has been fully optimized while TS has been found via a saddle point search. All them 

has been confirmed and characterized by vibrational analysis. In Figure 1a, the energy profile is 

shown. The remaining points has been obtained from an optimization procedure of the distance 

between the central atom (A) and each one of the edge boron atoms (B and C) at fixed angle (Figure 

1b). In order to follow a detailed behavior of the electron distribution at each point, a topological 

analysis has been performed to depict the information contained in the density fields, i.e., from both 

local and nonlocal views. 

The local descriptions of both densities and their Laplacian fields has been performed by use 

of the modified version8,9 of AIMPAC modules39; to identify the local accumulation/depletion of the 

fields, the analysis is carried out with the function L(r) = −∇2ρ(r) 4,40,41. Because the bonding 

phenomenon is related to the valence shell electrons we consider for this study only the cps of ρ(u)(r) 

associated with its valence shell (vs) as it has been noted in early works. 10,24,26,27 Namely, we will 

only consider valence shell cps of unpaired densities, labeling them as vs(3,-1)cp, vs(3,+1)cp, and 

vs(3,+3)cp, in reference to (3,-1), (3,+1), and (3,+3) cps of ρ(u)(r). Nevertheless, it may be noted that 
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such points are not strictly bcp, rcp, or ccp’s because that definition is given only for cp’s of ρ(r) in 

the QTAIM topological formalism 45. The non-local analysis were performed with our own codes which 

points out to calculate the magnitudes derived from the population analysis.29,30,31,34,35,42,43  

Let us begin by featuring the potential energy profile as a whole in Figure 1a. Two equilibrium 

geometries are found along the path, θ =60 and 180 degrees, from now on named equilibrium I and 

II, respectively. The variation of the control parameter between both conformational equilibrium 

geometries shows a transition state TS at θ =124.7 degrees and two inflection points at θ ≈80 and 

160. The global minimum corresponds to the equilibrium I geometry; the other equilibrium (II), 

although is well defined and characterized by absence of imaginary frequencies, have an energy ≈60 

kcal/mol higher than I. The energy of TS geometry is almost 63 kcal/mol higher than equilibrium I. 

In Table 1 the main topological features of electron density are shown. For all structures, an 

ncp at each nucleus is found. One bcp is located at A-B (A-C) sequences for all structures along the 

curve. However, instead of that, for the B-C sequence, it is found that only one bcp is found for 

structures between θ =60 and 69.50 degrees, and then consequently, only for each one of these 

structures a BAC rcp is found, thus verifying the Poincare-Hopff rule as expected. For θ =70 the bcp 

of the B-C sequence is missing which indicates the weakens of the interaction between these atoms; 

also the rcp and thus the ring structure disappears. The same structure remains for 70 < θ < 180 

interval. These results, consequently indicate that a structural change occurs after θ =69.50. 

Figure 2 (left) shows the bond paths and cps points superimposed on the corresponding 

maps corresponding to the geometries of the energy extremes, i.e., both minimum and TS. On the 

right the maps for ρ(u)(r) are shown. Figure 2a indicates that the rcp is equidistant to all of bcps 

between the boron atoms (i.e., A-B, A-C and B-C sequences) at equilibrium I, meanwhile Figure 3a 

shows the closeness of rcp and B-C bcp when the system is close to the structural change. 

Comparison between the electron distributions for the region in which θ <69.50 with that of θ >70, it 

may noted that although the geometrical changes are continuous, nevertheless the molecular graph 

changes abruptly, i.e., the rcp coalesces into the corresponding B-C sequence bcp and both two 

disappears as can be observed from Figure 3 of 69.5 and 70 degrees. This behavior is proper of what 

is called a bifurcation mechanism.4 
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Table 2 characterizes the topological information of ρ(u)(r). All structures along the path show 

a nuclear cp associated to each of the nuclei; and one vs(3,-1)cp for A-B and A-C sequences is found. 

According to our previous studies of many type of systems of different nature,8,10,22,24,26,27 at 

equilibrium configurations, the vs(3,-1)cps appear in pairs together with bcps, but in this theoretical 

experiment, a disruption in this trend occurs. The structures in the 70< θ <80 interval do not show B-

C bcps, while the B-C vs(3,-1)cps persist with the corresponding vs(3,+1)cp. That is to say, the B-C 

atoms interaction has been weakened enough to make bcps disappear, and hence at 70 degrees, it 

seems that structure has undergone a qualitative change in agreement with the above exposed 

arguments. Nevertheless, the unpaired density seems to be unaltered under this structural change, 

i.e. the number of vs(3,-1)cps remains without changes until θ =80. These results indicate that the 

onset of a vs(3,+1)cp which is not relevant to reveal a 2-center bonding interaction, whereas this kind 

of cp is one of the necessary condition for 2 electron - 3 center type (2e-3c) interactions as shown in 

our previous works.10,22,24,26,27 Figure 3 reports L(r) maps for selected out of equilibrium geometries 

to make explicit the topological changes showing the accumulation/depletion of both density fields 

along the evolution path. Figure 4 shows corresponding to the integrated magnitudes, two electron-

two center (2e-2c) and two electron - three center (2e-3c) populations, 𝐼ΩΩ´, ∆Ω𝐴Ω𝐵Ω𝐶

(3)
, and the values 

of the non-shared charges Q for each of the atoms, along the conformations. According to what we 

described above, two inflection points are presented in the energy curve profile (see Figure 1a) that 

allow, as a better understanding, three regions, thus describing the significant changes in the 

electronic behavior. Let us note them by 

(1) Ring configuration (contains the stable equilibrium I), 60 < θ < 80; 

(2) Transition region (contains the unstable equilibrium, TS, and their neighborhood), 80 < θ 

< 160; 

(3) Linear configuration (contains the stable equilibrium II), 160 < θ < 180. 

 

Region (1) or ”Ring configuration” because of the existence of the ring cp as discussed 

above, is defined as the region which begins at the equilibrium I geometry and moves along the 

increment of the control parameter θ until the inflection point near 80 degrees (see Figure 1a). From 
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the electronic point of view (see Figure 4) it may be noted that the non-shared populations of the 

vertex boron atoms QB (=QC) and the covalent bond order population between them 𝐼Ω𝐵Ω𝐶
 increase 

while QA and the covalent bond order populations 𝐼Ω𝐵Ω𝐴
, (𝐼Ω𝐶Ω𝐴

) decrease. Along this region, 

nevertheless, the ∆Ω𝐴Ω𝐵Ω𝐶

(3)
 keeps nearly constant (only shows a slight decrement). 

The decrement of QA and 𝐼Ω𝐵Ω𝐴
, (𝐼Ω𝐶Ω𝐴

) and the consequent increment of QB (QC) and 𝐼Ω𝐵Ω𝐶
 

indicate that the atom A delivers electrons to the rest of the system. Our results show that these 

electrons go to the B-C region. The conservation the (2e-3c) population is noticeable and that can be 

interpreted as the resistance of the system to be separated from the equilibrium conformation, i.e., 

the perturbed system tries to stabilize itself, keeping constant the three center population thus 

reinforcing the population of B-C region (see related scheme in Figure 5a). The local magnitudes 

evaluated at ncp’s and at bcps in the bonding regions can be observed in Figures 6 and 7, 

respectively. 

As the control parameter increases, i.e., as going apart of the equilibrium geometrical 

conformation, pairing density slightly increases while unpairing density slightly decreases, at nucleus 

A (Figure 6). Both densities increase at ncp’s of nuclei B and C, and the pairing density increment is 

higher at B and C than A center. The ellipticities ε are negligible; this result indicates that the electron 

charge accumulation do not lose their spherical symmetry around nuclear sites. 

In Figure 7 the pairing and unpairing densities and their corresponding ellipticities are shown 

for the two center sequences; both densities increase at A-B (A-C) sequences bcps, but for B-C both 

densities diminish. The consequence of transfer of charge from atom A towards the rest of the system 

as described above by means of nonlocal magnitudes are now evident because of the reinforcement 

of the A-C an A-B interactions as may be noted from the magnitudes of the local analysis. In this 

fragment of the evolution, the ellipticity rises, furthermore reinforcing the interpretation of ellipticity as 

an indicator of bonding interaction stability. For this magnitude it is worthy to note the fact that at bcp 

of the B-C sequence the highest ellipticity (≈1.8) occurs for the structure θ ≈70 and thus indicating the 

closeness to the structural change.4,5 All the results described immediately above, reflects within the 

local formalism the charge displacement from atom A to B-C region in complete agreement with the 

integrated magnitudes information. 
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To finish the analysis of this region, Figure 8a shows a graphical analysis of the L(r) values 

at bcps for both densities along the whole path which corresponds at their maps shown in Figure 3 

for the A-B (A-C) sequence, while Figure 8b shows this magnitude for the vertex atoms sequence (B-

C) along region 1 because it is the only physical domain in which a bcp is present for this sequence. 

What is important to note is that the values of L(r) at the A-B (A-C) sequences bcps show a local 

decrement of ρ(p)(r) and that ρ(u)(r) slightly increases. On the other hand, for B-C sequence ρ(p)(r) 

shows a marked decrement in its accumulation; ρ(u)(r) in reverse pass from a slight local accumulation 

in the equilibrium configuration to a appreciable local depletion (Figure 8b); at point θ ≈70 there is still 

a considerable local accumulation of pairing density while ρ(u)(r) spillages over the A-B (A-C) 

interatomic space and highly depletes for B-C (see Figure 3b,c and 8). The existence of vs(3,-1)cps 

between each of the atoms and a vs(3,+1)cp formed by the three atoms and the values for ∆Ω𝐴Ω𝐵Ω𝐶

(3)
 

populations within this region ranging from 0.83-0.77, indicate the fulfillment of the well established 

local and non-local rule for (2e-3c) interactions.22 This interaction is preserved and remains almost 

the same along the region 1. Furthermore, it is interesting to mention that the structural change 

condition occurs with the lowest QA and the highest 𝐼Ω𝐵Ω𝐶
 and that at θ =80 all (2e-2c) populations 

𝐼ΩΩ´ are equal (Figure 4). 

  

Region (2) or Transition region is defined as the region from ≈80, containing the TS state 

until the inflection point around ≈160 (see Figure 1a). Figure 4 shows the changes for the integrated 

magnitudes within this region, QB (QC) and QA increase while 𝐼Ω𝐵Ω𝐶
 decrease and 𝐼Ω𝐴Ω𝐶

(𝐼Ω𝐴Ω𝐵
) 

remains constant. Also, the (2e-3c) population shows a reduction in its value. This establish a change 

in the behavior of the electronic distribution, i.e., the system preserves the central-vertex atoms 

bonding interactions and weakens the (2e-3c) populations, thus a net flux of charge is delivered to 

the atomic core region (Figures 5b). These changes may be interpreted as an attempt of the system 

to be ”atomized” in the sense that the most of the populations are non-shared thus localized around 

each nuclei. The local numerical analysis is shown in Figures 6 and 7. The former exhibits a slight 

initial increment of the electron density around the central nucleus (A) and a more marked one for the 

vertex atoms (B and C) at the ncps, with a maximum at TS geometry. The unpairing density increases 
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uniformly. Figure 7 permits to note that the pairing density of A-B (A-C) sequence show a pronounced 

minimum at the cps for θ ≈110, and unpairing densities increases in an almost uniform way. To 

complement this view, the accumulation/depletion for this region by means of the L(r) maps are 

shown in Figures 2 and 3. Figures 3c,d,e presents these results for both densities in this region. For 

the pairing density they reveal local accumulation for B-C sequence meanwhile the B-C vs(3,-1) of 

unpairing density exist (θ =80), and then after this point, the evolution shows local depletion for this 

density at the interatomic B-C region. The unpairing density shows accumulation at bcps of A-B (A-

C) sequences which physically indicates its expansion over the interatomic bonding region, i.e., its 

spillage and it progresses as the destabilization of the system increases. The numerical values for 

L(r) of both densities are shown in Figure 8a. Finally, the ellipticity increases noticeably at A-B (A-C) 

sequences in agreement with the increasing remoteness of these geometries from the equilibrium 

configuration (Figure 7c). The highest ellipticities occur in the TS structure ( ≈ 1.6). This is a descriptor 

of the instability of this stationary point. 

 

Region (3) or Linear configuration is defined for the interval between of the inflection point of 

control parameter θ ≈160 until the equilibrium II (θ =180). It should be noted that the potential well 

that constitutes the geometry of equilibrium II is shallow at only almost 3 kcal/mol lower than the TS. 

So, even if this is an state equilibrium, it is not too stable (Figure 1a). Therefore, electronic descriptors 

should reflect this fact.  

In this interval, we found that all integrated magnitudes are almost constant with QC,B >QA 

and also 𝐼Ω𝐵Ω𝐶
 and ∆Ω𝐴Ω𝐵Ω𝐶

(3)
 very small (Figure 4). 

The local analysis shows that both densities at ncp of atom A exhibits a similar value to that 

of equilibrium I conformation; in comparison with the TS values, the paired density in this region is 

lower while the unpairing remains similar (Figures 6a and 6b). Nevertheless at B (C) ncp both are 

higher than in the equilibrium I (Figures 6c and 6d). The ellipticities are very low for all ncp points in 

this region, so the electron distribution sphericity around each nuclei is conserved (Figure 6e,f).  

Regarding the bonding sequence A-B (A-C) it may be noted that the densities at bcps 

increase (Figure 7a,b) and the ellipticity at bcp keeps constant value of ≈1.4 (Figure 7c), which 
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indicates that bonds recover some stability but not the cylindrical symmetry proper of equilibrium I. 

Figures 7d, e, f, show the densities at bcp and the ellipticity for the sequence B-C only along the 

energy path in region 1 because it should be remembered that no B-C bcp exists out of this energy 

interval. These results indicate that the system tries to stabilize the new configuration by a different 

mechanism, the vertex atoms of the system (B and C centers) deliver charge to the interatomic 

regions (Figure 5c). Owing to the minimal stabilization energy of equilibrium II the integrated 

magnitudes analyzed are not able to reveal the changes on the charge delocalization mechanism 

that operates in this region; only the local parameters show these subtle variations. Both densities 

show a higher value at bcps for equilibrium II than for equilibrium I (Figure 7). Figure 2, 3 and 8 show 

the graphical analysis of L(r) for both densities. It may be observed that at equilibrium II, the unpairing 

density is again accumulated over the core regions like in equilibrium I structure. Therefore, a 

remarkable difference is noted for the local accumulation of unpaired electrons in the three energy 

extremum along the energy path. In the stable configurations (equilibrium I and II) the unpaired 

electron accumulation is distributed around nuclear regions. Instead of that, for the saddle point the 

unpaired density concentration is shifted towards bonding regions (see Figure 3). Pairing and 

unpairing densities show their highest accumulation values at equilibrium II bcps (Figure 8). 

 

 

Concluding remarks 

The present report is devoted to the case study of the bending movement of a simple system, 

the B+
3 cluster electron distribution evolution. The bending movement follows the path of the potential 

energy that shows the cluster going from an equilibrium to other one, passing through a TS which 

makes the system rich in electronic energy intervals along it (Figure 1). Three well differentiated 

stages emerge starting from an equilibrium ring structure defined by its topological features that we 

noted as region 1 with well established 2e-3c interactions, an intermediate region, in which the system 

breaks down one of its bonding 2e-2c interactions beginning an ”atomization” process, i.e., 

accumulates charge around every nuclei, lowers the 2e-3c interactions and a TS emerges; and a 

third stage in which the systems reaches a linear configuration characterized by an quasi-stable 
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equilibrium minimum at 180 degrees. Other interesting feature of the evolution is that for the control 

parameter θ ≈70 degrees the system undergoes a bifurcation process when merging from the initial 

equilibrium state towards the TS. It is remarkable to note that the present application of the topological 

local and nonlocal based formalism permitted to properly describe novel situations out of the 

equilibrium conformations like enumerated above and on which it had not been applied up to now. It 

can be said that the combined consideration of local and non-local magnitudes allows as to confirm 

our criteria for detecting complex 2e-3c bonds within the interval 60< θ <80, thus verifying the local 

and no-local rules to define this kind of interactions. Another relevant feature is the spillage of the 

unpairing density over the interatomic regions when the geometries are far from the equilibrium 

configurations, thus being therefore, an indicator of the system destabilization. Also it shows that it is 

not only a typical feature of electron deficient systems or open-shell systems states but also of a 

system in an out of equilibrium state, or conversely the state of such systems as those of electron 

deficient structure are some incipient non equilibrium states as a consequences of their structure. 

Finally, it demonstrated that the characteristic points in the molecular electron energy function can be 

rationalized both from local as from non-local analysis and trends found constitutes itself the proofs 

of different mechanisms of electron charge reorganization and delocalization processes that operate 

in the complete evolution of the system. 

Regarding this scenario that includes equilibrium and non equilibrium conformations along a 

potential energy path presented in the previous section it make the conclusions two-folded, one 

descriptive which permits to discuss properly the system in all of its stages, i.e., equilibrium and TS 

states and the other, of methodological nature that exhibits the robustness of the QTAIM topological 

formulation to attempt to extend it to the study of rearrangement of electron distributions of a structural 

change and consequently their role in the understanding of general chemical reactivity phenomena. 

Work in this direction is carried out in our groups. 

 

Acknowledgments 

R. M. L. acknowledges Centro de Cómputos de Alto Desempeño de la Universidad Nacional 

del Nordeste (CADUNNE) and Universidad Nacional del Nordeste (Corrientes, Argentina) for 



17 
 

computing and other facilities. R. C. B. acknowledges DF-FCEN-UBA and IFIBA- CONICET for 

facilities during the course of this work. Part of the computations presented in this paper was 

performed using the CIMENT infrastructure, which is supported by the Rhone-Alpes region (Grant 

CPER07-13 CIRA) and the Equip@Meso project (ANR-10-EQPX-29-01), France. 

 

Fundings  

This report has been financially supported by Projects 20020130100226BA (Universidad de 

Buenos Aires) and PIP No. 11220090100061 (Consejo Nacional de Investigaciones Científicas y 

Técnicas, República Argentina), and by financial support of the Secretaria General de Ciencia y 

Técnica de la Universidad Nacional del Nordeste (Corrientes, Argentina) (Grant 17F012).  

 

 

 

References: 

1. A. S. Bamzai and B. M. Deb, Rev. Mod. Phys., 1981, 53, 95–126. 

2. R. G. Parr, in Horizons of Quantum Chemistry, Springer Netherlands, Dordrecht, 1980, pp. 

5–15. 

3. A. J. Coleman and V. I. Yukalov, Reduced Density Matrices: Coulson’s Challenge, 2000. 

4. R. F. W. Bader, Oxford Univ. Press. Oxford Henkelman G, Arnaldsson A, J{ó}nsson H A fast 

robust algorithm Bader Decompos. Charg. density. Comput Mater Sci, 1994. 

5. P. L. A. Popelier, in Structure and Bonding, 2016, pp. 71–117. 

6. C. F. Matta and R. J. Boyd, The Quantum Theory of Atoms in Molecules, Wiley, 2007. 

7. G. Frenking and S. Shaik, The Chemical Bond, Wiley-VCH Verlag GmbH & Co. KGaA, 

Weinheim, Germany, 2014. 

8. R. M. Lobayan, R. C. Bochicchio, L. Lain and A. Torre, J. Chem. Phys., 2005, 123, 144116. 

9. R. M. Lobayan, R. C. Bochicchio, L. Lain and A. Torre, J. Phys. Chem. A, 2007, 111, 3166–

3172. 

10. R. M. Lobayan and R. C. Bochicchio, J. Chem. Phys., 2014, 140, 174302. 



18 
 

11. R. F. W. Bader, J. Phys. Chem. A, 2009, 113, 10391–10396. 

12. A. N. Alexandrova, A. I. Boldyrev, H.-J. Zhai and L.-S. Wang, Coord. Chem. Rev., 2006, 

250, 2811–2866. 

13. A. E. Kuznetsov and A. I. Boldyrev, Struct. Chem., 2002, 13, 141–148. 

14. H. T. Pham and M. T. Nguyen, J. Phys. Chem. A, 2018, 122, 1378–1391. 

15. R. Ponec, J. Roithová, A. B. Sannigrahi, L. Lain, A. Torre and R. C. Bochicchio, J. Mol. 

Struct. THEOCHEM, 2000, 505, 283–288. 

16. A. E. R. Woodcock and T. Poston, A Geometrical Study of the Elementary Catastrophes, 

Springer Berlin Heidelberg, Berlin, Heidelberg, 1974, vol. 373. 

17. R. Thom and D. H. Fowler, Structural Stability And Morphogenesis, CRC Press, 2018. 

18. R. Thom, Poetics, 1974, 3, 7–19. 

19. R. F. W. Bader, T. T. Nguyen‐Dang and Y. Tal, J. Chem. Phys., 1979, 70, 4316–4329. 

20. E. Chamorro, Y. Prado, M. Duque-Noreña, N. Gutierrez-Sánchez and E. Rincón, Theor. 

Chem. Acc., 2019, 138, 60. 

21. A. Savin, R. Nesper, S. Wengert and T. F. Fässler, Angew. Chemie Int. Ed. English, 1997, 

36, 1808–1832. 

22. R. M. Lobayan, R. C. Bochicchio, A. Torre and L. Lain, J. Chem. Theory Comput., 2009, 5, 

2030–2043. 

23. R. M. Lobayan, D. R. Alcoba, R. C. Bochicchio, A. Torre and L. Lain, J. Phys. Chem. A, 

2010, 114, 1200–1206. 

24. R. M. Lobayan, R. C. Bochicchio, A. Torre and L. Lain, J. Chem. Theory Comput., 2011, 7, 

979–987. 

25. R. M. Lobayan and R. C. Bochicchio, Chem. Phys. Lett., 2013, 557, 154–158. 

26. R. M. Lobayan and R. C. Bochicchio, J. Phys. Chem. A, 2015, 119, 7000–7012. 

27. R. M. Lobayan, R. C. Bochicchio and C. Pérez del Valle, Int. J. Quantum Chem., 2016, 116, 

1851–1861. 

28. A. Torre, L. Lain, R. Bochicchio and R. Ponec, J. Math. Chem., 2002, 32, 241–248. 

29. R. C. Bochicchio, L. Lain and A. Torre, Chem. Phys. Lett., 2003, 374, 567–571. 



19 
 

30. L. Lain, A. Torre and R. Bochicchio, J. Phys. Chem. A, 2004, 108, 4132–4137. 

31. R. C. Bochicchio, J. Mol. Struct. THEOCHEM, 1991, 228, 209–225. 

32. X. Fradera, M. A. Austen and R. F. W. Bader, J. Phys. Chem. A, 1999, 103, 304–314. 

33. D. R. Alcoba, R. C. Bochicchio, L. Lain and A. Torre, Phys. Chem. Chem. Phys., 2008, 10, 

5144. 

34. R. C. Bochicchio, J. Mol. Struct. THEOCHEM, 1998, 429, 229–236. 

35. L. Lain, A. Torre, R. C. Bochicchio and R. Ponec, Chem. Phys. Lett., 2001, 346, 283–287. 

36. W. Kutzelnigg and D. Mukherjee, J. Chem. Phys., 1999, 110, 2800–2809. 

37. L. Lain, A. Torre and R. Bochicchio, J. Chem. Phys., 2002, 117, 5497–5498. 

38. M. W. Schmidt, K. K. Baldridge, J. A. Boatz, S. T. Elbert, M. S. Gordon, J. H. Jensen, S. 

Koseki, N. Matsunaga, K. A. Nguyen, S. Su, T. L. Windus, M. Dupuis and J. A. Montgomery, 

J. Comput. Chem., 1993, 14, 1347–1363. 

39. F. W. Biegler-könig, R. F. W. Bader and T.-H. Tang, J. Comput. Chem., 1982, 3, 317–328. 

40. P. Popelier, Coord. Chem. Rev., 2000, 197, 169–189. 

41. T. Lu and F. Chen, J. Comput. Chem., 2012, 33, 580–592. 

42. R. . Bochicchio, L. Lain and A. Torre, Chem. Phys. Lett., 2003, 375, 45–53. 

43. A. Torre, L. Lain and R. Bochicchio, J. Phys. Chem. A, 2003, 107, 127–130. 

 

 

    

 



20 
 

 

Table 1: Electronic structure of B3
+ system. Topological local features of total density ρ(r) at CISD/6-311G(1d,1f ) level of approximation. All 

quantities are in atomic units.  

CP type   ncp bcp bcp rcp ccp 

ρ(r) sequencea   one for each 
nucleus 

one at the AB o AC 
sequence 

one at the BC 
sequence 

one for the ABC 
sequence 

 

  Θ b,c      

 equilibrium I 60 X X X X - 

  68 X X X X - 

  69 X X X X - 

  69.50 X X X X - 

  70 X X - - - 

  80 X X -  - 

  90 X X - - - 

  120 X X - - - 

 TS 124,7 X X - - - 

  160 X X - - - 

  170 X X - - - 

  175 X X - - - 

 equilibrium II 180 X X - - - 

 
aIndicate the nucleus at which the ncp is located; for bcps, the atoms defining the bond; for rcps and for ccps., the atoms giving rise to the 
ring or cage, respectively.  
bAngles in degrees.  
c Symbol X indicates that the cp is present for the corresponding atom or sequence. Its absence means that no cp is present.  
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Table 2: Electronic structure of B3
+ system. Topological local features of ρu(r) density at CISD/6-311G(1d,1f ) level of approximation. All 

quantities are in atomic units. 

CP type   vs(3,-3)cp vs(3,-1)cp vs(3,-1)cp vs(3,+1)cp vs(3,+3)cp 

ρu(r) sequencea   one for each 
nucleus 

one at the AB o AC 
sequence 

one at the BC 
sequence 

one for the ABC 
sequence 

 

  Θ 
b,c      

 equilibrium I 60 X X X X  

  68 X X X X - 

  70 X X X X - 

  80 X X X X - 

  90 X X - - - 

  120 X X - - - 

 TS 124,7 X x - -  

  130 X x    

  160 X X - - - 

  170 X X - - - 

  175 X X - - - 

 equilibrium II 180 X X - - - 
a Indicate the nucleus at which the vs(3,-3)cp is located; for vs(3,-1)cps, the atoms defining the bond; for vs(3,+1)cps, the atoms  the atoms 
giving rise to the ring or cage, respectively. 
b Angles in degrees. 
c Symbol X indicates that the cp is present for the corresponding atom or sequence. Its absence means that no cp is present. 
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Figure captions: 

Figure 1: (a) Energy values (Hartrees) as a function of the sequential changes of the control 

parameter (angle BAC in degrees, θ). (b) Graphical representation of the system. Line with squares 

indicates the distance that increases sequentially. 

Figure 2: Contour maps of L(r) = −∇2ρ(r): (a) total density; (b) effectively unpaired densities. First 

line, equilibrium I geometry (θ = 60.000); second line, transition state (TS) (θ = 125.70); third lin, 

equilibrium II  (θ = 1800).  Solid and dashed lines represent positive (field locally concentrated) and 

negative (field locally decreased) values, respectively. Bond paths connecting bonding critical points 

(bcps), with nuclear points (ncps) are shown and indicated with blue and purple dots, respectively. 

Orange dots indicates ring cps. Blue lines points out the localization of zero-flux surfaces are pointed 

out. 

Figure 3: Contour maps of L(r) = −∇2ρ(r) for different 69.5, 70, 80, 90, 120 and 170 structures along 

the control parameter θ variation. Column (a) effectively paired density; Column (b) effectively 

unpaired density. Solid and dashed lines represent positive (field locally concentrated) and negative 

(field locally decreased) values, respectively. Bond paths connecting bonding critical points (bcps), 

with nuclear points (ncps) are shown and indicated with blue and purple dots, respectively. Orange 

dots indicates ring cps. Blue lines points out the localization of zero-flux surfaces. 

Figure 4: Evolution of the integrated magnitudes non shared charge QA and QB (QC); 2e-2c 

populations IAB and IBC (IAC), and 2e-3c ∆𝐴𝐵𝐶
(3)

population along the bending movement. Regions (1), 

(2) and (3) indicate ring configuration, transition (TS) and linear configurations stages, respectively 

(see text). 

Figure 5: Schemes of charge flux corresponding to regions (1), (2) and (3), ring configuration, 

transition (TS) and linear configurations stages respectively. See text for details. 

Figure 6: Evolution along the bending movement of local magnitudes: (a) pairing, (b) unpairing 

densities at ncp of atom A; (c) pairing, (d) unpairing densities at ncp of atom B. Also the 

corresponding ellipticity values are shown (e) at ncp of atom A and (f) at ncp of atom B. Regions (1), 

(2) and (3) indicate ring configuration, transition (TS) and linear configurations stages, respectively 

(see text). 
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Figure 7: Evolution along the bending movement of local magnitudes: (a) pairing, (b) unpairing 

densities of A-B (A-C) atoms sequence and (c) ellipticity at the corresponding bcp ; (d) pairing, (e) 

unpairing densities of B-C atoms sequence and (f) ellipticity at the corresponding bcp. Regions (1), 

(2) and (3) indicate “ring configuration”, “transition” (TS)  and “linear configuration” respectively. For 

sequence B-C, only region (1) is shown due to the lack of bcp from the value θ > 700. 

Figure 8: Changes in the charge accumulation/depletion of pairing and unpairing densities (L(r) = 

−∇2ρ(r) values) at bcps along the evolution. (a) A-B and (b) B-C sequences. Regions (1), (2) and (3) 

indicate “ring configuration”, “transition” (TS) and “linear configuration” respectively. For sequence B-

C, only region (1) is shown due to the lack of bcp from the value θ > 700. 

 

TOC caption: 

Laplacian contour maps of effectively unpaired densities for equilibrium I (θ = 600), θ = 800; 

transition state (TS) (θ = 125.70); θ = 170.000, and equilibrium II geometries; graphical 

representation of the system (line with squares indicates the distance that increases sequentially); 

schemes of charge flux corresponding to regions (1), (2) and (3), ring configuration, transition (TS) 

and linear configurations stages respectively and energy values (Hartrees) as a function of the 

sequential changes of the control parameter (angle BAC in degrees, θ). 

 


